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Let G be a transitive permutation group on a set V such that G is not a 2-group
and let m be a positive integer. It was shown by the fourth author that if
< g < < < ? Ž .@G _G F m for every subset G of V and all g g G, then V F 2mpr p y 1 ,
< < < <where p is the least odd prime dividing G . If p s 3 the upper bound for V is
3m, and the groups G attaining this bound were classified in the work of Gardiner,
Mann, and the fourth author. Here we show that the groups G attaining the bound
Ž . < < Ž .afor p G 5 satisfy one of the following: a G [ Z i Z , V s p, m s p y 1 r2,p 2
a <Ž . Ž . < < s sy1Ž .where 2 p y 1 for some a G 1; b G [ K i P, V s 2 p, m s 2 p y 1 ,
where 1 - 2 s - p, K is a 2-group with p-orbits of length 2 s, each element of K
sŽ . Ž .moves at most 2 p y 1 points of V, and P s Z is fixed point free on V; c G isp
* It was with great sadness that three of us learned of the death of our colleague Akbar
Hassani of a heart attack on May 20, 1998, while this paper was being revised.
² Current address: Department of Mathematics, Iran University of Science and Technology,
Narmak, Tehran 16844, Iran.
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Ž . Ž .a p-group. All groups in case a are examples. In case b , there exist examples for
Ž .every p with s s 1. In case c , where G is a p-group, we also prove that the
exponent of G is bounded in terms of p only. Each transitive group of exponent p
Ž .is an example, and it may be that these are the only examples in case c . Q 1999
Academic Press
1. INTRODUCTION
Let G be a permutation group on a set V with no fixed points in V and
< g <let m be a positive integer. If for each subset G of V the size G _G is
Ž .bounded, for g g G, we define the mo¤ement of G as move G s
< g < Ž .max G _G . If move G F m for all G : V, then G is said to haveg g G
bounded mo¤ement and the mo¤ement of G is defined as the maximum of
Ž . w x wmove G over all subsets G. This notion was introduced in 21 . By 21,
xTheorem 1 , if G has bounded movement, then V is finite. Moreover both
the number of G-orbits in V and the length of each G-orbit are bounded
above by linear functions of m. In particular, it was proved that, for
< <transitive groups, V is at most 3m. If G is not a 2-group, then this bound
w xwas refined further in 21, Lemma 2.2 , as follows.
LEMMA 1.1. Let G be a transiti¤e permutation group on a set V such that
G has mo¤ement m. Suppose that G is not a 2-group and let p be the least odd
< < < < ? Ž .@ Ž ? @prime di¤iding G . Then V F 2mpr p y 1 . For x g R, x denotes the
.greatest integer less than or equal to x.
There are various ways in which the bounds in Lemma 1.1 may be
< < r Ž ry1Ž . .attained. For example, if V s p and m s p p y 1 r2 then the
bound is attained by every transitive group of exponent p, and there are
< < w xmany examples with V s 2 p and m s p y 1. In 3, 16, 19 , transitive
Žpermutation groups of degree 3m which is the bound of Lemma 1.1 if
.p s 3 with bounded movement equal to m were classified and the
examples are as follows:
Ž .a G [ S , m s 1;3
Ž .b G [ A , A , m s 2;4 5
Ž .c G is a 3-group of exponent 3.
The purpose of this paper is to extend this result to classify all transitive
? Ž .@permutation groups of degree 2mpr p y 1 which are not 2-groups but
which have bounded movement equal to m, where p is the least odd prime
dividing the order. We denote by K i P a semidirect product K ? P with
normal subgroup K.
THEOREM 1.2. Let p be a prime, p G 5, let m be a positi¤e integer, and let
? Ž .@G be a transiti¤e permutation group on a set V of size 2mpr p y 1 with
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bounded mo¤ement equal to m, such that G is not a 2-group and p is the least
< <odd prime di¤iding G . Then one of the following holds:
Ž . < < Ž . a <Ž .a1 V s p, m s p y 1 r2 and G [ Z i Z where 2 p y 1p 2
for some a G 1.
Ž . < < s sy1Ž . s2 V s 2 p, m s 2 p y 1 , 1 - 2 - p, and G [ K i P with K
a 2-group and P s Z is fixed point free on V; K has p-orbits of length 2 s,p
sŽ .and each element of K mo¤es at most 2 p y 1 points of V.
Ž .3 G is a p-group of exponent bounded in terms of p only.
w xThus this result gives an answer to Problem 3 of 22 . All the groups in
Ž . Ž .part 1 are examples see Lemma 3.2 . Also there exist examples in part
Ž . Ž .2 , for each prime p, with s s 1 see Lemma 3.3 but we do not know any
Ž .examples in part 2 with s G 2. Each transitive permutation group of
a ay1Ž .exponent p and degree p has movement p p y 1 r2 and hence is an
Ž . Ž .example in part 3 see Lemma 3.1 . These examples are presented in
ŽSection 3, and Theorem 1.2 apart from the assertion about the exponent
Ž ..of G in part 3 is proved in Section 5. We believe, but cannot prove, that
Ž .the only examples in part 3 are the transitive groups of exponent p. This
problem is discussed further in Section 6, where we prove, in particular,
Ž .that the exponent of a p-group G in part 3 is bounded in terms of p
only.
w xAlthough the theorem in 19 depends in an essential way on the finite
simple group classification, it is possible to avoid using the simple group
classification for the proofs in this paper by calling instead on a deep
w x``pre-classification'' result of Glauberman 4 classifying the nonabelian
simple groups which do not involve S .4
2. PRELIMINARIES
wLet G be a transitive permutation group on a finite set V. Then by 23,
xTheorem 3.26 , which we shall refer to as Burnside's Lemma, the average
number of fixed points in V of elements of G is equal to the number of
< < < <G-orbits in V, namely 1, and since 1 fixes V points and V ) 1, itG
follows that there is some element of G which has no fixed points in V.
We shall say that such elements are fixed point free on V. Moreover, if
Ž . Ž .Z G is nontrivial, then all nontrivial elements of Z G are fixed point free
Ž .on V. To see this, let z g Z G fix the point a of V, and let b g V. Then
there is an element g g G such that a g s b. So, b z s a g z s a z g s a g s
b , that is, z s 1.
Ž .  < g 4 Ž .  < gFor g g G we denote by fix g s a a s a and supp g s a a /
4a the set of fixed points of g and the support of g, respectively. Thus
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Ž .supp g is the union of the nontrivial cycles of g. Let 1 / g g G and
suppose that g in its disjoint cycle representation has t nontrivial cycles of
lengths l , . . . , l , say. We might represent g as1 t
g s a a ??? a b b ??? b ??? z z ??? z .Ž . Ž .Ž .1 2 l 1 2 l 1 2 l1 2 t
Ž . ? @Let G g denote a subset of V consisting of l r2 points from the ithi
Ž . g Ž .cycle, for each i, chosen in such a way that G g l G g s B. For
Ž .  4example, we could choose G g s a , a , . . . , b , b , . . . , z , z , . . . . Note2 4 2 4 2 4
Ž .that G g is not uniquely determined as it depends on the way each cycle is
Ž . Ž .written. For any set G g of this kind we say that G g consists of e¤ery
Ž .second point of e¤ery cycle of g. From the definition of G g we see that
t
g
G g _G g s G g s l r2 .Ž . Ž . Ž . ? @Ý i
is1
< g <The next lemma shows that this quantity is an upper bound for G _G for
an arbitrary subset G.
LEMMA 2.1. Let G be a permutation group on a set V and suppose that
< g < t ? @G : V. Then for each g g G, G _G F Ý l r2 where l is the length ofis1 i i
the ith cycle of g and t is the number of nontri¤ial cycles of g in its disjoint
cycle representation.
Proof. Let 1 / g g G. Write g as a product of disjoint nontrivial cycles
Ž .c c ??? c , where c s a ??? a , 1 F i F t. We consider the sets C s1 2 t i i1 i l ii
 4a , . . . , a . Seti1 i l i
G l C if 1 F i F t ,iG si ½ G l fix g if i s t q 1.Ž .
g gThen G : C , 1 F i F t. Thusi i
G g s G g j G g j ??? j G g j G .1 2 t tq1
It follows that
G g _G s G g _G j ??? j G g _G .Ž . Ž . Ž .1 1 1 t
g ? @ < g < t ? @For each i, G _G has at most l r2 points. Hence G _G F Ý l r2 .i i i is1 i
We finish this section by observing that several deep results needed in
the proof of Theorem 1.2 may be obtained for finite groups with orders
coprime to 3 without resort to the full finite simple group classification. It
w xfollows from Glauberman's classification in 4, Theorem C of finite simple
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groups which do not involve S that the only finite nonabelian simple4
groups with orders coprime to 3 are the Suzuki groups.
w xTHEOREM 2.2 4 . Let G be a finite nonabelian simple group with order
Ž . 2 aq1coprime to 3. Then G s Sz q for some q s 2 G 8.
w xIn Section 4 we need to use a result of Fein et al. 2, Theorem 1 the
proof of which relies heavily on the finite simple group classification.
However, by applying Theorem 2.2, it is possible to obtain this result for
groups with orders coprime to 3 without calling on the simple group
classification.
w xTHEOREM 2.3 2 . Let G be a transiti¤e permutation group on a finite set
< < < <V such that G is coprime to 3. Then, for some prime r di¤iding G , there
exists an r-element in G which is fixed point free on V.
< <Proof. Assume that the theorem is false. Let V be the least size for
which a counterexample exists, and let G be a counterexample of minimal
worder. The elementary argument at the beginning of the proof of 2,
xTheorem 1 applies and we deduce that G is a nonabelian simple group.
Ž . w xBy Theorem 2.2, G s Sz q for some q. Then the argument in 2, Case 6
for these groups yields a contradiction, proving that no counterexamples
exist.
3. ATTAINING THE BOUNDS: EXAMPLES
Now we will show that there certainly are some families of examples of
groups for which the bound of Lemma 1.1 holds, for any odd prime p. First
we look at groups of exponent p.
ay1Ž .LEMMA 3.1. Let m s p p y 1 r2 for some a G 1, where p is an odd
prime and suppose that G is a transiti¤e permutation group of exponent p on a
a Ž .set V of size p s 2mpr p y 1 . Then G has bounded mo¤ement equal
to m.
< g <Proof. Let 1 / g g G and let G : V. By Lemma 2.1, G _G is at most
Ž . < g <the number of cycles of g of length p times p y 1 r2, that is, G _G F
Ž < < .Ž .V rp p y 1 r2 s m. Thus G has movement at most m. Moreover,
since G is transitive, G contains a fixed point free element. For this
Ž .element g, a subset G g consisting of every second point of every cycle of
Ž . g Ž .g has size m and G g l G g s B. Thus the movement of G is equal
to m.
² :Let H be cyclic of order n and K s k be cyclic of order m and
m Ž .suppose r is an integer such that r ’ 1 mod n . For i s 1, . . . , m, let
Ž i. Žk i.u r ik u : H “ H be defined by h s h for h in H. It is straightforward
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Ž i.to verify that each k u is an automorphism of H, and that u is a
Ž .homomorphism from K to Aut H . Hence the semidirect product G s
Ž . ² :H.K with respect to u exists and if H s h , then G is given by the
defining relations:
hn s 1, k m s 1, ky1 hk s hr , with r m ’ 1 mod n .Ž .
Here every element of G is uniquely expressible as hik j, where 0 F i F
n y 1, 0 F j F m y 1. Certain semidirect products of this type also pro-
vide examples of groups where the bound in Lemma 1.1 holds.
LEMMA 3.2. Let G [ Z i Z a denote a group defined as abo¤e of orderp 2
a a <Ž .p.2 where 2 p y 1 for some a G 1. Then G acts transiti¤ely on a set V of
Ž .size p, and in this action G has bounded mo¤ement equal to p y 1 r2.
Proof. The group G is a Frobenius group and has up to permutational
isomorphism a unique transitive representation of degree p, on a set V,
Ž . < g <say. Let g g G such that o g s p. Then by Lemma 2.1, G _G F m s
Ž . Ž .p y 1 r2 for all subsets G, and if G g consists of every second point of
< Ž . g Ž . <the unique cycle of g, then G g _G g has size equal to m. Suppose
Ž .now that g g G has order o g a power of 2. Then g has one fixed point
Ž . Ž . Ž . < g <and p y 1 ro g cycles of length o g in V. For each G : V, G _G
Ž . Ž .consists of at most o g r2 points from each cycle of g of length o g , and
hence has size at most m. Since each element of G is either a 2-element
or has order p, it follows that G has bounded movement equal to m.
²Ž X. < :Let N [ i, i i s 1, 2, . . . , p be a permutation group of degree 2 p
 X X X4on the set V s 1, 1 , 2, 2 , . . . , p, p . Moreover, suppose that M [
Ž . py1 ² Ž X.Ž X . < :Z s z s i, i i q 1, i q 1 1 F i F p y 1 is the subgroup of N2 i
of even permutations in N. Set
g s 12 . . . p 1X 2X . . . pX .Ž . Ž .
Then g normalizes M and we consider the permutation group G [
² : ² : gM i Z s z , z , . . . , z i g on V. Now z s z , for 1 F i -p 1 2 py1 i iq1
p y 1, and z g s z z ??? z . This group G and also some of itspy1 1 2 py1
subgroups provide more examples of groups that attain the bound in
Lemma 1.1.
Ž . py1 ² :LEMMA 3.3. Let G [ M i Z s Z i g denote the group de-p 2
fined abo¤e of order 2 py1p. Then G acts transiti¤ely on a set V of size 2 p,
and in this action G has bounded mo¤ement equal to p y 1. Also if K is a
² : ² :nontri¤ial g -in¤ariant subgroup of M, then K i g is transiti¤e on V and
has bounded mo¤ement equal to p y 1.
Ž .Proof. Let g g G such that o g s p. Then g has two cycles of length
Ž .p in V. Suppose that G g consists of every second point of every cycle of
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< Ž . g Ž . < ŽŽ . .g. Then G g _G g s 2. p y 1 r2 s p y 1. Hence the movement of
< g < ŽŽ . .G is at least p y 1. Also, by Lemma 2.1, G _G F 2. p y 1 r2 s p y 1
for all subsets G. Next assume that g is an element of order two. Since
each element of M is an even permutation, g must fix at least two points
Žof V since every fixed point free element of order two is an odd
2g. < < Ž .permutation . Then again by Lemma 2.1, G _G F p y 1 . s p y 1. As2
each element of G is either a 2-element or has order p, it follows that G
has bounded movement at most p y 1, and hence equal to p y 1. Simi-
² : ² :larly if 1 / K F M and K is g -invariant, then K i g is transitive with
bounded movement p y 1.
In the following lemma, we will prove the existence of some proper
² :subgroups K i g of the group G of Lemma 3.3, for certain values of p.
For each odd prime p and for 1 - s - p, the least positive integer a such
Ž a .that p N s y 1 is called the order of s modulo p and is a divisor of p y 1;
s is called a primiti¤e root modulo p if and only if s has order p y 1
modulo p.
Ž . py1 ² :LEMMA 3.4. Let G [ M i Z s Z i g denote the group G ofp 2
² : aLemma 3.3. Then there is a g -in¤ariant subgroup K of M of order 2 such
² :that g acts irreducibly on K, where a is the order of 2 modulo p. Thus G
has a proper subgroup which is transiti¤e with bounded mo¤ement p y 1 if
and only if 2 is not a primiti¤e root modulo p.
Ž a .Proof. Let a be the least positive integer such that p N 2 y 1 . Then
w x <Ž .by 20, Theorem 2.23 , a p y 1 . Let M denote the additive group of the0
Ž py1. Ž . py1field GF 2 , so M ( Z , and let K denote the additive group of0 2 0
Ž a.the subfield GF 2 , so K F M . Further let L denote the subgroup of0 0
Ž py1.order p of the multiplicative group of GF 2 , and let G s M .L the0 0
semidirect product with L acting naturally on M by field multiplication.0
Then K is an L-invariant subgroup of M , so K .L F G . Now let H be0 0 0 0 0
w x  < 4a subgroup of index 2 in K and set V s K .L : H s H x x g K .L .0 0 0 0 0
Then K .L acts transitively on V by right multiplication with H being0 0
the stabilizer of the point a s H . Since H - K - K .L, this action is0 0 0 0
imprimitive with a system S of p blocks of imprimitivity of size 2; the
 4block containing a is H , K _ H . Moreover by the definition of a, L0 0 0
acts irreducibly on K so the only normal subgroup of K .L properly0 0
contained in H is the identity subgroup. Thus K .L acts faithfully on V.0 0
Therefore the permutation group induced by K .L on V is permutation-0
² : ² : Žally isomorphic to a subgroup K i g of N i g with N as defined
. a ² :before Lemma 3.3 , with K ( Z and g irreducible on K, acting on2
 X X X4 ² :1, 1 , 2, 2 , . . . , p, p . Finally since g is irreducible on K it follows that
² :K F M and hence K i g is a subgroup of G as required.
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² :If 2 is a primitive root modulo p, then a s p y 1 and g acts
irreducibly on M, so there is no transitive proper subgroup of G. Suppose
then that 2 is not a primitive root modulo p. Then a - p y 1 and the
² :subgroup K i g is a transitive proper subgroup of G. Moreover by
² :Lemma 3.3, K i g has bounded movement equal to p y 1.
4. ATTAINING THE BOUNDS: A PRELIMINARY ANALYSIS
Throughout this section let p be a prime, p G 5, and let G be a
< < ? Ž .@transitive permutation group of degree V s 2mpr p y 1 with bounded
movement equal to m, such that G is not a 2-group and p is the least odd
< <prime dividing G . First we note that m ) 1.
LEMMA 4.1. m G 2.
< < ? Ž .@Proof. If m s 1, then V s 2 pr p y 1 s 2, which contradicts the
fact that G is not a 2-group.
Next we show in a series of lemmas that G contains a fixed point free
p-element and that all fixed point free elements of G have order p. This
w xsheds some light on an open question posed in 19 , in the special case of
p-groups.
? Ž .@LEMMA 4.2. E¤ery 2-element g of G fixes at least 2mr p y 1 points,
and moreo¤er g is not fixed point free on V.
Ž .Proof. Let g g G have order a power of 2 and let G g consist of every
Ž .second point of every cycle of g. Then G g is mapped by g to a set
Ž . < Ž . < < Ž . <disjoint from G g and hence G g F m. Thus supp g F 2m. Conse-
< Ž . < < < ? Ž .@quently, fix g G V y 2m s 2mr p y 1 . Suppose that g is fixed point
? Ž .@ < <free. Then 2mr p y 1 s 0, and hence V s 2m - p contradicting the
< <fact that p divides G .
< <LEMMA 4.3. If q is an odd prime di¤iding G , then e¤ery q-element g in G
fixes at least
2m 2m
y
p y 1 q y 1
< Ž . < ? Ž . Ž .Ž .@points. In particular fix g G 2m q y p r p y 1 q y 1 .
Ž .Proof. Let g be a q-element of G. For this element g, a subset G g
Ž < < < Ž . <consisting of every second point of every cycle of g has size V y fix g
. Ž .y O r2 where O is the number of odd cycles of length G q of g, and
< Ž . < < Ž . < < <G g F m. Thus fix g G V y 2m y O. However, each k-cycle of g
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Ž . Ž . Ž .where k ) 1 contributes k y 1 r2 points to G g ; and since k G q we
Ž . < Ž . < ? Ž .@have O. q y 1 r2 F G g F m and hence O F 2mr q y 1 . Thus
2m 2m 2m
< <fix g G V y 2m y s y .Ž .
q y 1 p y 1 q y 1
Since
2m q y p 2m 2m 2m 2mŽ .
s y - q 1 yž /p y 1 q y 1 p y 1 q y 1 p y q q y 1Ž . Ž .
it follows that
2m q y pŽ .
fix g GŽ .
p y 1 q y 1Ž . Ž .
as claimed.
Our next result completes the proof of the assertion that all fixed point
free elements of G have order p.
PROPOSITION 4.4. E¤ery fixed point free element of G has order p, and
< < Ž . < <such elements exist. Moreo¤er V s 2mpr p y 1 and p di¤ides V .
Proof. By Burnside's Lemma, G has a fixed point free element, say g.
Suppose that in the decomposition of g into disjoint cycles, l points of V
Žare in even length cycles and the rest are in odd length cycles of length
. Ž .G p . Let G g consist of every second point of every cycle of g and also
Ž .let O denote the number of odd length cycles. By definition, G g contains
Ž < < .lr2 of the points lying in cycles of even length, and V y l y O r2 of the
points lying in odd length cycles, and the length of each odd length cycle is
< Ž . < Ž < < .at least p. Hence G g s V y O r2. This quantity is minimized when
O is as large as possible, and this is the case when all odd length cycles of
Ž < < .g have length p, that is, O F V y l rp. Note that this inequality is strict
if g has an odd cycle of length greater than p. Hence
< < < < < <2mp G 2 p G g s p V y O G p V y V y lŽ . Ž . Ž .
2mp
< <s p y 1 V q l s p y 1 q l.Ž . Ž .
p y 1
< < Ž .If we had V s 2mpr p y 1 , then at this point we could deduce immedi-
Ž < < .ately that l s 0 and O s V y l rp, whence all g-cycles would have
length p, and in particular g would have order p. However, our assump-
< <tion on V is weaker than this.
HASSANI ET AL.326
By Theorem 2.3, G contains a fixed point free q-element, for some
prime q, and we assume for the moment that g is such an element. By
? ŽLemma 4.2, q is odd. Suppose that q ) p. Then, by Lemma 4.3, 2mr p y
.@ ? Ž .@ Ž . ŽŽ .Ž ..1 s 2mr q y 1 , and 2m q y p r p y 1 q y 1 - 1, and hence
2m 2m 2mq q p y 1Ž .
< <V s 2m q s 2m q s - . 4.1Ž .
p y 1 q y 1 q y 1 q y p
< <Since G contains a fixed point free q-element, q divides V , and in
< < Ž .particular V G q. Then by 4.1 , q y p - p y 1. Thus q s p q k where
< < Ž .2 F k F p y 2, and so we have V s nq where 1 F n - p y 1 rk. Now
< Ž . < Ž . Ž .m G G g s n q y 1 r2, so 2mr q y 1 G n and, since n is an integer,
? Ž .@ < <we even have 2mr q y 1 G n. Then it follows from nq s V s 2m q
? Ž .@ Ž .2mr q y 1 that m s n q y 1 r2. Since p is the least odd prime divid-
< < < < < < aing G , and since V s nq divides G with n - p, we have that n s 2 for
some a G 0. Note that, if g were a fixed point free r-element, for some
< <prime r, then r would divide V . Hence, by Lemma 4.2, the only such
< <prime is r s q. Let S be a G-invariant partition of V with S minimal
< < Ssubject to S ) 1. By Theorem 2.3, the group G induced by G on S
contains a fixed point free r-element, for some prime r. Thus there exists
an r-element g g G such that g S is fixed point free on S. Such an
element g must be fixed point free on V and hence r s q. Therefore q
< < bdivides S , and so the blocks of S have size 2 F n - p. It follows that p
< S < < < Smust divide G . By the minimality of S , the permutation group G is
ayb Ž w x.primitive of degree 2 q G q. By the O'Nan]Scott Theorem see 17 , it
follows that GS is affine or almost simple. In the former case the degree
< < < S < Ž .S would equal q and the order G would divide q q y 1 which is not
S < <divisible by p. Thus G is almost simple. Since G is not divisible by 3, it
Ž c.follows from Theorem 2.2 that the socle of G is Sz 2 for some odd
< Ž c. <integer c, and since 5 divides Sz 2 it follows that p s 5. Then q s p q k
< < Ž .F 2 p y 2 s 8 so q s 7, and V s 7n with n - p y 1 rk s 2, that is,
< < Ž c.V s 7. However, Sz 2 is not isomorphic to a subgroup of S .7
This contradiction shows that the only prime q for which G contains a
fixed point free q-element g is q s p. So g is a p-element, and in
< < ? Ž .@particular p divides V s 2mpr p y 1 . Therefore, for some integer x,
we have
2mp 2mp 2mp
< <y 1 - V s px s F ,
p y 1 p y 1 p y 1
Ž . Ž .and hence 2m y p y 1 rp - p y 1 x F 2m. Since x is an integer it
Ž . < < Ž .follows that p y 1 x s 2m, whence V s 2mpr p y 1 . As we noted
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< <earlier in this proof, when V has this form, the first part of the proof
shows that every fixed point free element in G has order p.
< <Finally in this section we obtain a preliminary result restricting V for
permutation groups satisfying the conditions of Theorem 1.2. This result
will be used in the next section in the proof of Theorem 1.2.
PROPOSITION 4.5. Let G be a transiti¤e permutation group on a set V of
? Ž .@degree 2mpr p y 1 with bounded mo¤ement equal to m, where p is the
< < < < < < a r b1 bnleast odd prime di¤iding G . Then V is of the form V s 2 p q ??? q1 n
where a is a non-negati¤e integer such that 2 a - p, r G 1, q is a primei
satisfying p - q - 2 p, and b s 0 or 1 for 1 F i F n.i i
< < Ž . < <Proof. By Proposition 4.4, V s 2mpr p y 1 and p divides V . Now
< <let q be a prime dividing V with q / p, and let Q be a Sylow q-subgroup
? Ž .@of G. By Lemmas 4.2 and 4.3, each g g Q, fixes at least 2mr p y 1 s
< < Ž . ? Ž .@V y 2m points if q s 2, and at least 2mr p y 1 y 2mr q y 1 points
< <if q is odd. Since the identity fixes V points, the average number of fixed
< < Ž .points of elements of Q is strictly greater than V y 2m or 2mr p y 1
? Ž .@ wy 2mr q y 1 , respectively. However, by Burnside's Lemma 23, Theo-
xrem 3.26 , the average number of fixed points of elements of Q is equal to
the number of Q-orbits. Let q a be the highest power of q which divides
< < a < < aV . Then each Q-orbit has length at least q so Q has at most V rq
< < a < < < < a Ž .orbits. Hence V rq ) V y 2m when q s 2 and V rq ) 2mr p y 1
? Ž .@ < < a Ž a .y 2mr q y 1 when q is odd. If q s 2, then V - 2 .2mr 2 y 1 , and
< < Ž . aby substituting V s 2mpr p y 1 we have 2 - p. If q ) p, then the
inequality gives
2mp 2m 2m
) yap y 1 q p y 1 q y 1Ž .
Ž . aŽ . aŽ . aŽ .so p q y 1 ) q q y 1 y q p y 1 s q q y p . For a s 1 this implies
q - 2 p and for a G 2 we have a contradiction. The result now follows.
5. PROOF OF THEOREM 1.2
In this section we prove Theorem 1.2, except for the assertion about the
Ž .exponent of G in part 3 . We show first that a minimal counterexample to
Ž .Theorem 1.2 minus this assertion must be a nonabelian simple group
acting primitively on V. If a group G has bounded movement equal to m
Ž .for convenience we shall say that G satisfies BM m .
ŽPROPOSITION 5.1. Suppose that Theorem 1.2 minus the exponent asser-
Ž ..tion in part 3 is false and let m be the least integer for which Theorem 1.2
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Žfails. Further let G be a counterexample to Theorem 1.2 minus the exponent
Ž .. < <assertion in part 3 with G minimal. Then G is a nonabelian simple group
acting primiti¤ely on V.
< <Proof. Since G is a counterexample to Theorem 1.2 with G minimal, it
Ž .follows that G is not a 2-group, G is transitive on V, G satisfies BM m ,
< < ? Ž .@ < <and V s 2mpr p y 1 , where p is the least odd prime dividing G and
< < Ž . < <p G 5. By Proposition 4.4, V s 2mpr p y 1 and p divides V . The
proof proceeds in five steps.
 g < 4STEP 1. Let S s B g g G be a block system for the action of G on V,
< < < < Ž .and suppose that B s b - V possibly b s 1 . Let K be the kernel of the
< < < < X < <action of G on S. Then p GrK , b m and, setting m [ mrb, S s
X Ž . Ž X.2m pr p y 1 and GrK satisfies BM m in its action on S.
Proof of Step 1. The group G induces a transitive permutation group
< <GrK on the V rb blocks of S. By Burnside's Lemma, there is a fixed
point free element gK of GrK in its action on S. The element g is then
fixed point free on V and by Proposition 4.4, g has order p. Thus gK has
< < < Ž X. Xorder p and p GrK . By Lemma 1.1, GrK satisfies BM m for some m
< < ? X Ž .@ Xsuch that V rb F 2m pr p y 1 . First we show that m F mrb. By the
Ž X. X Xdefinition of BM m , there is an element g g G and a set D of m blocks
Ž X. g X Xsuch that D l D s B. If D denotes the union of the blocks in D , then
< < X g XD s m b and D l D s B, so m b F m. Thus we have
< < XV 2mp 2m p
s G .
b p y 1 b p y 1Ž .
< < X Ž . XConsequently V rb s 2m pr p y 1 and hence m s mrb.
 g < 4STEP 2. If S s B g g G is a block system as in Step 1 and S is
nontri¤ial then either
Ž .i GrK is a p-group, and hence K is not a p-group, or
Ž . Ž . < < s X sy1Ž . sii GrK s QrK .Z , S s 2 p, m s 2 p y 1 with 1 - 2 -p
sŽ .p, QrK is a 2-group, and each element of Q mo¤es at most 2 p y 1 blocks
of S.
Proof of Step 2. Since m is the least integer for which Theorem 1.2 fails
and since mX - m, the group GrK satisfies one of the conclusions of
X Ž .Theorem 1.2 with m in place of m. Thus either ii holds, or GrK is a
Ž .p-group in which case K is not a p-group since G is a counterexample ,
a <Ž . < <aor GrK s Z i Z where 2 p y 1 for some a G 1, V rb s p, andp 2
X Ž .m s p y 1 r2.
Suppose the third possibility holds and let g g G induce a nontrivial
2-element on the p blocks of S. Then g moves p y 1 blocks of S and so
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Ž . Xg moves all of the b p y 1 s 2bm s 2m points of V lying in these
p y 1 blocks of S. A set D consisting of every second point of all the
< <g-cycles in these p y 1 blocks of S has size D s m and is such that
D g l D s B. Consequently g must fix the remaining block of S pointwise.
Ž .The same must be true for each element gk k g K . Hence K s 1,
iq1 X iŽ .aG s Z i Z , so b s 2 and m s bm s 2 p y 1 for some i withp 2
0 F i F a y 1. Each g g G_ Z is a 2-element, and we have just shownp
that such an element has b fixed points. Also each element of order p is
fixed point free, so by Burnside's Lemma we have
a a a a< <2 p s G s fix g s bp q 2 p y p b s 2 bp ) 2 p ,Ž . Ž .Ý
ggG
which is a contradiction.
 g < 4STEP 3. Suppose that G is imprimiti¤e, that S s B g g G is a maxi-
mal block system, and that K is the kernel of the action of G on S. Then
< <S s p and GrK s Z . Each element g g G_ K has order p, and for eachp
k g K the product kk g ??? k g py 1 s 1. Moreo¤er K is nilpotent and is not a
p-group.
Proof of Step 3. Since S is a maximal block system, GrK is primitive
on S. Thus, GrK must be one of the two cases listed in Step 2. Since the
Ž .group of case ii in Step 2 is imprimitive, it follows that GrK is a p-group.
Then since GrK is a primitive group we must have GrK s Z , and byp
Step 2, K is not a p-group.
If g g G_ K, then g induces a p-cycle of S and so acts fixed point
Ž .Ž .freely on the 2mpr p y 1 s bp points of V. By Proposition 4.4 any
fixed point free element has order p. If k g K, then kgy1 g G_ K, so
Ž y1 . p Ž y1 . p g g py 1kg s 1, that is, kg s kk ??? kk s 1. Consider the Hughes
Ž . ² < p :subgroup of G, that is, H G s x g G x / 1 . Since all generators ofp
Ž . Ž .H G are in K, we have H G : K. Since G is a counterexample andp p
w x < Ž . <hence G is not a p-group, by 10 , we have G : H G s p and hencep
Ž . w x Ž .H G s K. But by 11 , H G is nilpotent.p p
STEP 4. G must act primiti¤ely on V.
 g < 4Proof of Step 4. Suppose G is imprimitive and let S s B g g G be a
maximal block system. By Step 3, the kernel K of the action of G on S is
nilpotent and is not a p-group, and GrK ( Z . If Q is a nontrivial Sylowp
q-subgroup of K for some prime q, then the set of Q-orbits is a block
system for G and the kernel K X of G on this block system satisfies
Q F K X F K. Note that the length of a Q-orbit is a power of q. Since K is
nilpotent, K X is also nilpotent and so K X s Q = R where R is the unique
Hall qX-subgroup of K X and hence R is normal in G. Thus the set of
HASSANI ET AL.330
R-orbits is also a block system for G, which is a refinement of the block
system of Q-orbits. Since the length of an R-orbit is coprime to q it
X Ž .follows that R s 1, and hence K s Q. Hence by Step 2, either: 1 GrQ
Ž .is a p-group, or 2 GrQ s M.Z with M a 2-group and the number ofp
Q-orbits is 2 sp, where 2 s - p, for some positive integer s.
< < XSuppose K is divisible by distinct primes q, q , where q / p, and let
Q, QX be the Sylow q-subgroup and Sylow qX-subgroup of K, respectively. If
X < < < X XGrQ is a p-group, then q KrQ so q s p. In this case, since q / q and
< < X < X Xq KrQ , it follows that GrQ is not a p-group. So by Step 2, GrQ s
M.Z , where M is a 2-group and hence q s 2. On the other hand, if casep
Ž . X < < < < < X2 holds for GrQ, then q KrQ s M . So q s 2 and 2 does not divide
< X < Ž . X XKrQ . Hence 2 does not hold for GrQ , so GrQ is a p-group and
< < < < c dq s p. Thus if K is divisible by two primes, then K s p 2 , where c ) 0,
d ) 0.
Ž .Suppose that K is a 2-group. Then K / 1 since G is not a p-group
and the K-orbits have length 2 s ) 1 for some s. Also G s K i P with
< < sP s Z fixed point free on V, and V s 2 p. Let 1 / g g P. Then the setp
Ž . sy1Ž . sy1Ž .G g contains 2 p y 1 points so m G 2 p y 1 . On the other hand
s < < Ž . sy1Ž .2 p s V s 2mpr p y 1 , so m s 2 p y 1 . Let x g K. If x moves l
< Ž . < sŽ . spoints, then G x s lr2 F m so l F 2 p y 1 . By Proposition 4.5, 2 - p,
Ž .and hence G is one of the groups of case 2 of Theorem 1.2 contradicting
the fact that G is not a counterexample. Hence K is not a 2-group. Thus if
K is a q-group then q ) p. Hence either
Ž .a K is a q-group for some q ) p, or
Ž . < < c db K s p 2 , c ) 0, d ) 0.
Ž . < < Ž .Suppose that a holds. Then since V ) p because G is imprimitive and
2 < < < <p ƒ G , by Proposition 4.5, V s pq. Let L be a minimal normal sub-
group of G contained in K. Then L ( Z f for some f G 1, and L has pq
² :orbits of length q. Let P s g ( Z be a Sylow p-subgroup of G, wherep
Žg is a fixed point free element on V existence of such an element g
.follows from Proposition 4.4 . Then LP F G and LP is transitive on V.
Also, by Lemma 1.1, LP has bounded movement equal to mX where
< < Ž . ? X Ž .@V s 2mpr p y 1 F 2m pr p y 1 . However, since LP F G, we must
have mX F m and hence m s mX. By the minimality of G we have L s K.
Thus G F Z wr P s Z p.Z . By Proposition 4.4, K contains no fixed pointq q p
 4free element. Let the p blocks of S be B s a , a , . . . , a , B s1 1 2 q 2
 4  4 Ž .b , b , . . . , b , . . . , B s z , z , . . . , z labelled so that g s a b ??? z1 2 q p 1 2 q 1 1 1
Ž .??? a b ??? z . Defineq q q
c s a a ??? a , c s b b ??? b , . . . , c s z z ??? z .Ž . Ž .Ž .1 1 2 q 2 1 2 q p 1 2 q
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We note that for all i, c g s c , where the subscripts are to be readi iq1
modulo p. Define
² : pM [ c , c , . . . , c ( Z .1 2 p q
g g py 1 Ž .Then G F MP. By Step 3, kk ??? k s 1 k g K ; hence, if k g K then
k s Ł p cei where 0 F e F q y 1, andis1 i i
g jpy1 p
ei1 s cŁ Ł iž /js0 is1
Ý p epy1 p p p js 1 j
py1e Ý ei js0 iy js c s c s c .Ł Ł Ł Łiq j i iž /js0 is1 is1 is1
Hence
p p
eik s c g K « e ’ 0 mod q .Ž .Ł Ýi i
is1 is1
p ei Ž . < < 4 <For k s Ł c g K, where 0 F e F q y 1, let n k s i e / 0 . Chooseis1 i i i
Ž . p eik with n k maximal; k s Ł c . Since K has no fixed point freeis1 i
Ž . X g Ž X . lelement, n k - p. Then k [ k g K, so for all l, k k g K. Now
p p
lX e e li ik k s c cŽ . Ł Łi iq1ž / ž /is1 is1
p
e ql ei iy1s c .Ł i
is1
Consider the e as integers modulo q and in particular, if e / 0, let ey1i i i
denote the multiplicative inverse of e in Z . Seti q
I [ ye ey1 N all i such that e / 0 . 4i iy1 iy1
< < Ž . Ž  4.Then I F n k F p y 1 F q y 2. So there exists l g Z _ I j 0 . Con-q
Ž X. lsider k k for such an l. Then for each i such that e / 0 we haveiy1
Ž y1 . Ž .e q le / e y e e e s 0 in Z . Also since n k - p, there is an ii iy1 i i iy1 iy1 q
such that e s 0 and e / 0 and for this i we also have e q le / 0.iy1 i i iy1
Ž Ž X . l. Ž . Ž .Hence n k k G n k q 1, which contradicts the maximality of n k . So
K cannot be a q-group.
Ž .Hence case b holds. Let Q, P be the Sylow 2-subgroup and Sylow
² :p-subgroup of K, respectively. So K s Q = P and G s K, g , where g is
p ² :a p-element, g f K, and g g P. Then P, g is a Sylow p-subgroup of
Ž² :.G. Let Z be a subgroup of order p contained in the centre Z P, g .
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² :Then Z is a normal subgroup of G. So Z s z and z is fixed point free
of order p. Let F be the set of Z-orbits, and let L be the kernel of G
acting on F. Then L F K s Q = P and since all orbits of L have length
p, L l Q s 1 and L F P. By Step 2 applied to F, since GrL is not a
Ž . < < sp-group, GrK ( RrL .Z where RrL is a 2-group, F s 2 p withp
s sŽ .2 - p, and each element of RrL moves at most 2 p y 1 blocks of F.
< < s 2 Ž sy1 Ž ..Thus V s 2 p so m s 2 p p y 1 and each block B g S has size
< < s 2 < <B s 2 p. Since p ƒ GrL , it follows that L contains P and hence that
< < < <L s P. Since RrL is the highest power of 2 dividing G , it follows that
RrL ( Q.
Let 1 / x g Q and consider xz g K. Then as xz s zx, x permutes the
B Ž .B sZ-orbits. For B g S, if x s 1 then xz has 2 cycles of length p, while
B Ž .B Ž B Ž .Bif x / 1 then xz is fixed point free on B since z is a power of xz
B .and z is fixed point free on B . Since xz has even order, xz has at least
one even length cycle. Thus xz is fixed point free, all its cycles have
lengths a multiple of p and at least one has length 2 s
X
p for some sX G 1.
Let the number of cycles of length p be u so that the number of points in
< < Ž s . seven length cycles is V y up s p 2 p y u ) 0. Thus u - 2 p. As in
Ž .Section 2 let G xz consist of every second point of every cycle of xz. Then
< < < <p y 1 V y up V u
G xz s u q s yŽ .
2 2 2 2
u
sy1 2 sy1s 2 p y F m s 2 p p y 1 ,Ž .
2
so u G 2 sp, which is a contradiction. Thus G cannot be an imprimitive
group.
STEP 5. G must be a nonabelian simple group.
Proof of Step 5. If G is both simple and abelian, then G ( Z for someq
< <q and by the definition of the prime p, we have q s p s V . Thus G is not
a counterexample to the theorem. Hence G is not an abelian simple
group. Suppose that G is not simple and let N be a minimal normal
subgroup of G. As G is primitive by Step 4, N is transitive of degree
Ž . Ž X. X2mpr p y 1 and satisfies BM m for some m F m. By Lemma 1.1
Ž . Xarguing as in Step 4 it follows that m s m. By the minimality of G and
since N / G, one of the conclusions of Theorem 1.2 must be true for N.
In particular N is soluble, and since N is minimal normal in G, N is an
< < < < < <elementary abelian group, and V s N . By Proposition 4.5, V is divisi-
< < < < a ay1Ž .ble by p and hence V s N s p G p, and m s p p y 1 r2. More-
over N acts regularly on V, G s N.G , and G must act irreducibly anda a
without fixed points on N. In particular G is not a p-group. Suppose firsta
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< <that V s p. Then G s N.G , with G F Z . Since p is the least odda a py1
< < aprime dividing G , G s Z for some a G 1 and G is not a counterexam-a 2
< < 2 < <ple which is a contradiction. So V G p . Suppose that G is not a prime.a
Then G has a proper nontrivial subgroup H which is not a p-group, anda
NH is a proper subgroup of G. Again NH has bounded movement equal
to m, and by the minimality of G, one of the conclusions of Theorem 1.2
must be true for NH. Hence NH s Z i Z a with a G 1 and N s Z ,p 2 p
which is a contradiction. Hence G must be cyclic of prime order q / p.a
Since G acts irreducibly on N, each nontrivial element g of G hasa a
Ž < < . < Ž . < Ž < <V y 1 rq cycles of length q. If q is odd then q ) p and G g s V y
. Ž . Ž . ay1Ž . Ž1 . q y 1 r 2 q . This expression is greater than m s p p y 1 r2 since
.p is odd and a G 2 ; which is a contradiction. Hence q s 2 and G s N.Z2
Ž .a ² :s Z .Z with a G 2. However, G s u ( Z cannot act irreduciblyp 2 a 2
a  4 u Ž ² : .on N s Z , for if x g N _ 0 , then y s x / x or x is G -invariantp a
u u2 ² :and y s x s x; but then x q y is G -invariant.a
Proposition 5.1 now follows.
ŽNow we complete the proof of Theorem 1.2 apart from the assertion
Ž ..about the exponent of G in part 3 . Let G be as in Proposition 5.1 so G
is a nonabelian simple group and G is primitive on V. Since p G 5 and p
< <is the least odd prime dividing the order of G, G is not divisible by 3. By
Ž . 2 aq1Theorem 2.2, G s Sz q , where q s 2 G 8. For further information
w x < < 2Ž 2 .Ž . Ž .on these groups see 25, 26 . Now G s q q q 1 q y 1 ’ 0 mod 5
< < ? @ aq1 2and hence p s 5, and V s 5mr2 . Set r s 2 so that r s 2 q. Then
< < 2G s q q y 1 q q r q 1 q y r q 1 .Ž . Ž . Ž .
Let a g V. Then G is a maximal subgroup of G and all possibilities fora
w x 2G are known 26, pp. 137]138 . Now p s 5 divides q q 1, so 5 dividesa
Ž .q q d r q 1 where d is 1 or y1 . By Proposition 4.4 every fixed point free
< <element has order 5, and therefore G is divisible by every prime divisor sa
< <of G with s ) 5. Now there exists a primitive prime divisor s of0
8 aq4 Ž 4 . 8 aq42 y 1 s q y 1 , that is, a prime s such that s divides 2 y 10 0
but s does not divide 2 i y 1 for any i - 8a q 4. Note that s does not0 0
4 aq2 2 < Ž 2 bq1. <divide 2 y 1 s q y 1 and s does not divide Sz 2 for any0
w xb - a. It follows from 26, pp. 137]138 that the only maximal subgroups of
G with order divisible by s are of the form Y.Z where Y is cyclic of0 4
order q " r q 1. Hence G s Y.Z for such a subgroup Y. Moreover,a 4
since q q r q 1 and q y r q 1 are coprime and each prime s ) 5 divides
< < < < bG , it follows that Y s q y d r q 1 and q q d r q 1 s 5 G 5. Thus aa
Sylow 5-subgroup P of G is cyclic of order 5b and all subgroups of G of
order 5 are conjugate. It follows that every element of G of order 5 is fixed
point free, and hence that a generator g of P is fixed point free. By
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Proposition 4.4, g has order 5, that is, q q d r q 1 s 5 so q s 8 and
< < < < 4d s y1. However, this means that G s 13.4 and G : G s 560 s 2 .5.7.a a
< < < <Hence 7 divides G but not G which is a contradiction. Thus noa
Ž Ž ..counterexample to Theorem 1.2 minus the exponent assertion in part 3
exists and the proof is complete.
6. p-GROUP EXAMPLES AND THE HUGHES CONJECTURE
Let G be a p-group satisfying the hypotheses of Theorem 1.2, that is, G
? Ž .@is a transitive permutation group on a finite set V of size 2mpr p y 1
Ž a.s p . By Proposition 4.4, all the elements of G that are fixed point free
w xon V have order p. For p s 2, 3, it was proved in 19, Proposition 2 that
G has exponent p. It is not known whether this result holds for primes p
Ž w x.greater than 3 see the Question in 19, p. 905 . Here we shall prove that
the exponent of G is bounded in terms of p only, thus completing the
proof of Theorem 1.2. In addition, we shall prove that if the exponent of
G is greater than p, then there exist two elements of order p2 which
generate a subgroup of nilpotency class at least p.
Ž .The Hughes subgroup H G of a finite group G is the smallest subgroupp
of G outside of which all elements have a given prime order p:
² < p :H G s x g G x / 1 .Ž .p
Ž .The relevance of the Hughes subgroups to p-groups G satisfying part 3
of Theorem 1.2 is due to the following argument. Let S be a point
stabilizer in G and let M be a maximal subgroup of G containing S. Since
M is normal in G, all point stabilizers are contained in M. Hence all
elements outside M are fixed point free elements, and so have order p by
Ž .Proposition 4.4. Thus H G F M.p
w x Ž .In 1957 D. R. Hughes 9 posed this conjecture: If G / H G / 1 for ap
< Ž . <finite group G, then G : H G s p. In 1959 D. R. Hughes and J. G.p
w xThompson 10 proved that the conjecture is true for any finite group that
Žis not a p-group. This result was used in our proof of Theorem 1.2 minus
.the exponent assertion . For an arbitrary finite p-group, this conjecture
w x w x w xwas proved for p s 2 in 8 , for p s 3 in 24 , for metabelian groups in 6 ,
w xand for p-groups of class 2 p y 2 in 18 . However, among finite p-groups
w x < Ž . <counterexamples were found by G. E. Wall 27 for p s 5 with G : H Gp
2 Ž . Ž .s p . Also there exists a 2-generator counterexample with H G s F Gp
w x Ž Ž ./ 1 constructed in 12 for p s 7 where the Frattini subgroup F G is the
.intersection of all maximal subgroups of G .
Nevertheless, in spite of the existence of counterexamples, it was proved
w xin 14 that the Hughes Conjecture is valid for ``almost all'' finite p-groups.
Ž wFor more information about the Hughes Conjecture see, for example, 15,
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x .Chap. 7 . We shall now apply the same technique that was used for this
positive solution to prove the following result.
Ž .PROPOSITION 6.1. Let G be a finite p-group which is a faithful transiti¤e
permutation group such that e¤ery fixed point free element of G has order p.
Then the exponent of G is bounded abo¤e by a function of p only.
Proof. Let S be a point stabilizer in G, and let M be a maximal
subgroup of G containing S. Since M is normal in G, all point stabilizers
in G are contained in M. Hence all elements outside M are fixed point
Ž .free elements, and so have of order p by Proposition 4.4. Thus H G F M.p
It is now easy to see that an arbitrary element f g G_ M induces a
``splitting'' automorphism of order p on M, that is,
xx f x f
2
??? x f
py 1 s 1
Ž w x w x.for all x g M see, for example, 1 or 15, Proposition 7.1.1 . By the main
w x Ž w x.result of 13 or see 15, Corollary 6.4.5 or Theorem 7.2.1 , it follows that
M is in a locally nilpotent variety; in particular, the nilpotency class of any
two-generated subgroup of M is bounded in terms of p only.
Ž .Now consider V [ MrF M , the elementary abelian Frattini factor of
Ž .M. The image of S in V is a proper subgroup, since otherwise SF M s M
Ž .and hence S s M, and this is impossible because S l Z G s 1 for a
² :point stabilizer in a faithful transitive group G. Since G s M f and M
acts trivially on V, there are at most p distinct images of the conjugates of
S in V. Hence their union does not cover V. This means that there is a
Ž . Ž .coset of F M in M, say, gF M , all elements of which have order p.
Ž . ² : ² :Now for every x g F M we have x g g, gx . The subgroup g, gx is
Ž .generated by two elements of order p and has nilpotency class c s c p ,
say, bounded in terms of p only. It is a well known fact that the exponent
c Ž w x.of this subgroup is at most p see, for example, 15, Corollary 2.5.4 . In
particular, the order of x is at most pc, which number is bounded in terms
Ž .of p only. Since MrF M has exponent p and all elements in G_ M are
cq1of order p, the exponent of G is at most p .
By Proposition 6.1 we may now conclude that the proof of Theorem 1.2
is complete. Finally we consider one special case.
PROPOSITION 6.2. Let G be a finite p-group which is a transiti¤e permuta-
tion group such that e¤ery fixed point free element of G has order p. Suppose
further that G has exponent at least p2. Then there exist two conjugate elements
of order p2 in G which generate a subgroup of nilpotency class at least p.
Ž .Proof. Choose i maximal such that there is an element a g g G withi
< < 2 Ž Ž .a s p where g G denotes the ith term in the lower central series ofi
.G . Then a is in one of the point stabilizers, and since any point stabilizer
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intersects the centre trivially in a faithful transitive group, a p is not in the
w p xcentre of G. Hence there is an element g g G such that a , g / 1.
² g: ² w x:Suppose that the subgroup a, a s a, a, g is nilpotent of class at
most p y 1. By one of the consequences of the Hall]Petrescu Formula
Ž w Ž .x.see 7, VII, 1.1 b , we have
pp p pw x w xa , g s a, g c ??? c ,1 s
w xwhere the c are commutators in a and a, g of weight at least 2 and ati
most p y 1. But by the choice of i and a, the right-hand side is trivial,
g² :which is a contradiction. Hence a, a has nilpotency class at least p.
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